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Abstract 

A continuous infinite system of point particles interacting via two-body strong 
superstable potential is considered in the framework of classical statistical mechanics. 
We define some kind of approximation of main quantities, which describe macroscop- 
ical and microscopical characteristics of systems, such as grand partition function 
and correlation functions. The pressure of an approximated system converge to the 
pressure of the initial system if the parameter of approximation a — > for any values 
of an inverse temperature /3 > and a chemical activity z. The same result is true 
for the family of correlation functions in the region of small z. 
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1 Introduction 

The main achievements of mathematical physics in research of critical phenomena are 
connected first of all with studying infinite lattice systems. But one can see totally another 
situation concerning continuous systems. The mathematical results have been obtained in 
the majority of cases only for the small values of parameters P = -gr { where T is a 



temperature) and a chemical activity z. The research of continuous systems in the area of 
critical values of these parameters is restricted to some artificial models like the Widom- 
Rowlinson model [25] or with field theory of type Hamiltonian [9], and the methods of 
investigation are copied from lattice systems(see, e.g.^ [22], [10], using Peierls' argument, 
[2], using Pirogov-Sinai theory or [3], [4], using random cluster expansion). Another type 
of arguments was invented by Gruber and Griffiths [5] and used in [l9],|6j to prove the 
existence of orientational ordering transitions in the continuous-spin models of ferrofiuid. 

Some important characteristics of critical phenomena can be also described by using 
lattice approximation of continuous systems. It was especially successful to apply lat- 
tice approximation to research of the models of quantum field theory (see, e.g.^ [23] and 
references therein). Substantial progress was also reached in studying models of lattice- 
gas ([20]). But the main disadvantage of the last example is that it does not contain the 
parameter that ensures the transition to the classical continuous gas. 

On the other hand the main mathematical problems in the research of infinite continu- 
ous systems appear because it is necessary to take into account all possible configurations 
of particles, even if the probability of their occurrence is rather small. One of possible ways 
to solve this problem is to introduce hard-core potentials. It helps to avoid mathematical 
difficulties which is connected with an accumulation of many number of particles in the 
small volume , but at the same time it leads to some new problems, that is connected with 
interpretation of physical results and application of some mathematical methods. 

In the present article we propose some intermediate approximation of several main quan- 
tities, which describe macroscopical and microscopical characteristics of systems, such as 
grand partition function and correlation functions. The main idea is in the following: we 
split the space M"' into nonintersecting hyper cubes with a volume a!^ and define approx- 
imated grand partition function and the family of approximated correlation functions in 
such a way, that they take into account only such configurations of particles in M*^, when 
there is not more than one particle in each cube. 

It was shown in this work, that for the potentials which have non integrable singularity 
in the neighborhood of the origin(strong superstable potentials) the pressure of the ap- 
proximated system converge to the pressure of the initial system if a ^ for any values 
of an inverse temperature /? > and a chemical activity z. The same result is true for the 
family of correlation functions in the region of small z. 
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2 Notations and main results 



2.1 Configuration space 

Let M'^ be a d-dimensional Euclidean space. The set of positions {xjjjgN of identical 
particles is considered to be a locally finite subset in R'^ and the set of all such subsets 
creates the configuration space: 

r = := {7 C M"'| I7 n A| < 00, for all A G i3c(M"')} , 

where \A\ denotes the cardinality of the set A and BdM.'^) denote the systems of all bounded 
Borel sets in M'^. We also need to define the space of finite configurations Tq: 

ro=|Jr("), r(") := {r/ C M"' I Ir^l = n}, No = NU{0}. 

For every A G i3c(M^) one can define a mapping A^a : F ^ Nq of the form 

A^a(7) := l7n A| = |7a|. 

The Borel cr-algebra 23(F) is equal to cr(A^A |A G !Bc(IR'^)) and additionally one may intro- 
duce the following filtration 

^a(F) := aiNj,, \A' G i3,(M'^), A' C A), 

see in], [E], [1] for details. 
We need also to define 

rA:={r/GFo| r/C A}. 

By 23(Fa) we denote the corresponding cr-algebra on Fa. For the given intensity measure 
a (in this context a is Lebesgue measure on B{M.'^)) and any n G N the product measure 
cr®" can be considered as a measure on 



= {{xi,...,Xn)e{R''r\xky^xi if A;^/} 
and hence as a measure cr*^"-' on F*^") through the map 

syrun : (M'^)" 3 (xi,...,x„) ^ G F^"). 

Define the Lebesgue-Poisson measure X^a on 23(Fo) by the formula: 



n>0 
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The restriction of \za to ^(Fa) we also denote by Xza- For more detailed structure of 
the configuration spaces F, Fq, Fa see [1]. 

As in [16] define two additional configuration spaces: a space of dilute configurations 
and a space of dense configurations. 

Let a > be arbitrary. Following [2T] for each r E Yfe define an elementary cube 
with an edge a and a center r 

A„(r) := {x G M"' I a(r' - 1/2) < x' < a(r* + 1/2)}. (2.2) 

We will write A instead of Aa(r), if a cube A is considered to be arbitrary and there is 
no reason to emphasize that it is centered at the concrete point r G 7/". Let A^ be the 
partition of M'^ into cubes Aa(r). Without loss of generality consider only that A G -Bc(M'^) 
which is union of cubes Aa(r). Then for any X ^ A which is a union of cubes A G A^ 
define 

Tf ■= {7 G Tx\ Na{i) = V 1 for all a C X} (2.3) 

and 

rf " := {7 G Fxl N^il) > 2 for all A C X} . (2.4) 
2.2 Definition of the system 

The energy of any configuration 7 G Fa or 7 G Fq is defined by the following formula: 

{x,y}C'r 

where {■, ■} means sum over all possible different couples of particles from the configu- 
ration 7, (f){\x — y\)- pair interaction potential. Define also interaction energy between 
configurations r/, 7 G Fq by: 

We introduce 3 kinds of interactions, which will be used in this article: 

Definition 1. Interaction is called: 

a) stable (S), if there exists B>0 such that: 

U{i)> -B\^\, for any-/ eTo; (2.7) 



4 



b) superstable (SS), if there exist A{a) > 0, B{a) > and a > such that: 

Ui^)>Aia) Yl ItaI' -5(a)|7|, /or any 7 e To; (2.8) 

A6Aa:|7Al>2 

c) strong superstable (SSS), if there exist A{a) > 0, B{a) > 0, m > 2 and > such 
that: 

U{-f)>A{a) J2 llAr - B{aM, for any 7 e Tq (2.9) 

AgA„;|7a|>2 

for any a < a^. 

In the above conditions constants A{a),B{a) depend on and consequently on a. In 
accordance with these definitions there is a problem to describe the necessary conditions 
on 2-body potential, which ensure stability, superstability or strong superstability of an 
infinite statistical system. For the latest review and some new results on this problem see 
[T8] and [24] for many-body case. 

(A): Assumption on the interaction potential. In this article we consider a 
general type of potentials (p, which are continuous on IR+ \ {0} and for which there exist 
rQ > 0, R > ro, ipo > 0, ipi > 0, and Eq > such that: 

1) ^(\x\)^-<P~i\x\)>-j^ for \x\>R,; (2.10) 

2) 0(|x|) = 0+(|x|) > s > d for |x|<ro, (2.11) 

where 

0+(|a;|) := max{0, (f){\x\)}, (f)~{\x\) := - min{0, (f){\x\)}. (2.12) 

Note that in the Eq. (12.91) the constant aQ < rQ. For the interaction potentials which satisfy 
the assumption (A) define two important characteristics (for any A G with a < ro ): 

1) voia) := y2 sup sup 0"(|x - y|); (2.13) 

2) b{a):= inf 6+ {\x-y\). (2.14) 

{x,y}cA 

Due to the translation invariance of the 2-body potential vq and b do not depend on the 
position of A. The following statement is true. 
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Proposition 2.1. Let potential satisfy the assumption (A). Then the interaction is 
strong superstahle and the energy U satisfies the inequality (12.91) with some < a < oq and 
if s > d then 

m = 2, A = A{a) = ^^I^ > 0, B = B{a) = y, (2.15) 
Proof. For any 7 G Fq and any a > 



{a:,J/}C7 AeAa:|7A|>2{2^.S/}C7A {A.A'jcA^ ^^TA 

2/G7a' 

- E ^I7a|(|7a| - 1)6 - |7a||7a'| sup sup - ?/|) 



1 




1 


|7a| 


2 / 


-yl7l 



_ 2' 

AeAa:|7A|>2 {A,A'}cAa:|7A|>2,l7A'l>2 

- ibi > E 

AeAa:|7A|>2 

We use the definitions f l2.12p - (l2.14p and the inequality: 

|7a||7a'| < ^(|7Ar + 

In the case s = d the following statement is true (see [18] for details): for any sufficiently 
small e > there exists a constant B = B{e, a) such that the following inequality holds: 

^(7)> E (^<ilog|7A|-|-£log|7A|)|7A|'-i?|7l, (2.16) 



aga„, 

|7aI>2 



where (see [7]) 



F(-) is a classical gamma-function. 

The system of particles is strong superstable (SSS) because for any e > one can find 
such numbers A^o > 2 and B = B{No; e, a) that for any |7a| > Nq 

C, log |7a| > y. (2.18) 
It follows from (I2.16P - (12.181) that if s = c? we can put 

A{a) = Ks{e)vo, B{a) = Ls{e)vo + M,(e), 
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where Ks{e), Ls{e), Ms{e) do not depend on the parameter a. 

In the sequel we will use the estimates (12.15P of the constants A{a) and B{a), because 
the proof of the main results is the same for both cases. 



Proposition 2.2. It follows from the Proposition (12. ip that for the potentials which satisfy 
the conditions (12.10^ - (12.121) the inequality (I2.7p holds with 

where the constant 0o is very close to j (p" {\x\)dx. 

Proof. We can put a = in such a way that h{am) = 2i;o(am)- From the definitions 
(EUD, ([21^ it is clear that 



and vo{am) = t-0o as lim a'^vo{a) = f (p {\x\)dx. As a result 



-d 



am > ^'^' s ■ (2.20) 

(i2(s-d) 

The estimate (I2.19p of the constant B directly follows from (I2.20p and (12.151) . The end of 
proof. 



Remark 2.1. It is important to stress that the constant B in (I2.19P does not depend on 
the partition and depends only on the potential and dimension of the space. 

Remark 2.2. Indeed, for the potentials which satisfy the assumption (A) the inequality 
(12. 9p holds with m = 1 + s/d (see /T^j. But for our purpose it is sufficient to apply (12. 9p 
with (I2T51) and ^Ji) with (l2T9ll . 



2.3 Partition functions, corresponding pressure and correlation 
functions 

The main characteristics of Gibbs states are correlation functions. A family of finite volume 
correlation functions with empty boundary conditions for the grand canonical ensemble is 



7 



defined by the following formula: 

Pa(^;;^,/?):=^4^ / e-^^^'"'^U,.(d7), ^ e Ta, (2.21) 

where 

Za(^,/?):= [ e-^^(^)A,,(d7) (2.22) 



is the grand partition function which plays the role of normalizing constant in the definition 
of the Gibbs measure. Besides it has independent important physical meaning for the 
definition of the thermodynamic function-pressure: 

p{z,P) = lim pa{z,P) = ^ lim ^ log Za(z, /3), (2.23) 

|A|^oo p |A|^oo |A| 

The existence of this limit for the above defined system of particles is well-known result 
(see, e.g., [21]). 

To define above mentioned approximation let us introduce the following family of cor- 
relation functions: 

p[-\v;z,/3,a):= f'"' / e'^^^^^^^ J] xHv ^ l)>^Adl), G Ta, (2.24) 
Zi>{z,(3,a)Jr, ^^^^^^ 

z[-\z,P,a):= [ e-'^^WA,.(rf7) = / e'^^^ J] X- (7)A..(rf7). (2.25) 



where we introduced ?BA(rA)-measurable function X- by the formula: 

^A(^) = I 1' for 7 with iVA(7) = |7a| = V 1, ^2.26) 
1 0, otherwise. 

Remark 2.3. By definition Pa \v'j f3;a) = for t] ^ p^*') 
One can define the corresponding pressure: 

p^-\z,l3,a) = lim pi-H^,/3,a) = ^ lim ^\ogZ^^\z, P,a). (2.27) 

|AHoo p |A|^oo |A| 

Remark 2.4. T/ie main point of this approximation consists that in expressions for the 
basic characteristics of the system integration is carried out not over all space of config- 
urations V\, hut only over those configurations which contain for the given partition 
not more than one particle in each cube A G A^. That fact is surprising as for an infinite 
system the set of such configurations in T is the set of measure zero with respect to the 
Poisson measure and the Gibbs measure. Nevertheless, as we shall see in following sec- 
tion, the basic characteristics of the approximated system ( even in a thermodynamic limit 
A y W^) can he somehow close to the corresponding characteristics of the initial system. 
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2.4 Main results 

We prove the results for the infinite volume characteristics, so let us define the sequence 
of bounded Lebesgue measurable regions of A; C Mf^: 

Ai C A2 C . . . C A„ C . . . , UAi = M'^. (2.28) 

We consider only such A; G 8^1^.'^) which is union of cubes Aa(r) defined by (I2.2p . 

Theorem 2.1. Let the interaction potential (f){\x\) satisfy the assumptions (A). Then the 
limits 

piz,(3) = ilim^logZA,(2;,/3), (2.29) 

p^^\z,l3,a) = ^lim^log47)(z,Aa) (2.30) 

are finite and for any e > there exists ai = ai{z, e) > such that: 

\p{z,P)-p^-\z,P,a)\<e (2.31) 

holds for all positive z, (3 and a ^ (0, 01(2;, £:)). 

The proof of the limit (E^HD is well known result [21]. The proof of ( 12:301) and f jOTH 
one can find in [T^. But for the completeness of the presentation we give a sketch of the 
proof in the next section. A similar result is true for the correlation functions in the fixed 
volume A: 

Theorem 2.2. Let the interaction potential 4'{\x\) satisfy the assumptions (A). Then for 
any e > 0, any fixed A and any configuration r/ G Fq there exists a = a{z,(3,e) > such 
that: 

\pAir];z,f3)~p^^\r];z,f3,a)\<e. (2.32) 

To formulate a similar result for the limit correlation functions in the infinite volume 
note that for any configuration 77 G Fq and any sequence (12. 28^ . such that r] C Ai there 
exists subsequence (A';^) of (A;), such that 

\im pj^' {r];z, 13) = p{rj;z,f3) < 00 (2.33) 

for all positive z,f3 uniformly on ?Bc(Fo) . This result follows from the uniform bounds of 
the family {pa : A G Q3c(M'^)}. (see [2l], [K], [H]). 
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It is also clear that the same uniform bounds hold for the family of {p^ : A G *Bc(M'^)}. 
So, there exists subsequence (A^) of the sequence (A'^) such that one can define 

p''^\ri; z, l3,a) = \im p^j^,){r]; z, j3, a) < oo. (2.34) 

In the case of small values of a chemical activity z there exists the unique limit p(?7; z, j3) 
that is a solution of Kirkwood-Salzburg(KS) equations in the space (see [20]). In the 
next chapter we will show, that a similar equations can be easily written for the functions 
p^~\r]; z, P) that is a unique solution of these equations for sufficiently small values of 
parameters z or f3. 

Theorem 2.3. Let the interaction potential 4>{\x\) satisfy the assumptions (A). Then for 
any e > 0, sufficiently small z and any configuration ?7 G Fq there exists ai = ai{z, (3^ e) > 
such that: 

\p{r];z,P)~p^-\7];z,(3,a)\<e. (2.35) 

holds for all a G (0, ai{z, e)). 

Corollary 2.1. The inequalities (12.311) . (12.321) . (12.351) ensure the existence of limits: 

\imy-\z,(3,a)=p{z,f3) (2.36) 
for any positive z, P > 0, rj E Tq; 

^^T^,pA\v;z,(3,a) = pa{v]z,(3). (2.37) 
for any positive z, P > 0, rj & Tq, any fixed A and 

\imp^-\7];z,P,a) = pir];z,P). (2.38) 
for small positive z, any/3 > and r] eTq. 

3 Proof of Theorem 2.1 

The proof is based on the expansion which was proposed in [H]. In order to arrange this 
expansion let us define also an indicator of a dense configuration in any cube A G as 

X+(7) := l-xHl)- 
Then we use the following partition of the unity for any 7 G Fa: 



10 



Na n 

1 = n [x^(7)+xt(7)] = E E n ^-w 

AcA n,=0 {Ai,...,A„}cA «=1 AcA\U^^^Ai 

= E ^^(7)X-^''(7), (3.1) 

XCA 

where A^a = lAj/a'^ (here the symbol | ■ | means Lebesgue measure of the set A) is the 
number of cubes A in the volume A, and 



Xf(7) := n ^±(7). (3.2) 

AcX 

Inserting (I3.ip into (12 .22^ we obtain: 

Z^iz,P) = E / e-''''^'^X^(7)X-^''(7)A..(rf7). (3.3) 

XCA "'rA 

It is obvious, that the first term in (13.30 (at X = 0) coincides with Z^^\z, (3, a) (see (12.251) ). 
Using infinite divisible property of the Lebesgue-Poisson measure (see for example (2.5) in 
[TS] ) one deduce that: 



1+ E / pi"\?^(7;a)x^(7)A..(rf7) 



■.= z[-\z,P,a)z[^\z,P,a), (3.4) 



where 



We, also, define p*^"^)(z, /3, a) in the same way as in p. 301) 

p^+\z,P,a) = \imp^^\z,P,a) = ^ lim ^ log z|+^(2;, /5, a) (3.6) 

Consequently, in order to prove the Theorem 2.1 we have to estimate the value of 
, /3, a). Using Proposition 2.1 (Eqs. (12. 9p . (I2.15P ) one can obtain: 

^-m-fx) < -Q e-/3A(a)|,.P+/3B(a)|,.| ^ B{a) = ^. (3.7) 

AGA^nX 

Taking into account assumption (A) (Eqs. (I2.10p ) and (|2.13p we obtain: 

AeA^nx 
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Using infinite divisible property of the measure \za and using (13.7p . (13.8P we have: 



PA\x(7x;a)x^(7)A^<7(c?7) 



< 



As a result, using definition of Lebesgue-Poisson measure ( see (|2.ip ) one can obtain the 
following estimate: 



e-^^l^-l^+^(^+-«)l^-lx^(7A)A,.(d7A) = 5^ 

-A n=2 



a 2;) _l/3(6_2i,(,)n2 + |/3won 



e 4^ 



with 



n! 



2'^""" < ei(a), 
(3.9) 



e,{a) = (6-5.0) exp{za'^e-^(''-3'^«)}. 



(3.10) 



Now from the definition of A^a, Z)^ {z,l3,a) (see (13. 4p ) and above estimates we have 



log 4+) (z, A a) < log 



1+ J2 



log 



1 + 2^7T7T7 rT7ei(a^' 



fc=l 



A;!(A^A - A;)! 



As a result 



log[l + ei(a)]^^ = ^ 



log[l + ei(a)]. 



(3.11) 



p^+>{z,P;a) < _log[l + ei(a 



It is important for the proof of the theorem to find out the asymptotic behavior of ei(a) 
at a — >^ 0. It follows from the Eq. (l3.10p and the corresponding behavior of b and vq (see 
(EIIOD-iEUD). As a result we have: 



ei (a) ~ a^'^e s > d. 



So, 



The end of the proof. 



limp(+)(z,/3;a) = 0. 



(3.12) 
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4 Proof of Theorem 2.2 



Inserting (13.ip with an argument 77 U 7 into f l2.2ip we obtain: 

PAiv:z,/3) = -^^Yl I e-'^^^''^^)x^(r/U7)X-^^(r/U7)A,.(rf7)• (4.1) 

Extracting the first term at X = and using the definitions (I2.24p . (l2.25p we can rewrite 
(14. ip in the following form: 

Pa(^;^,/?) = 4^ M pi-) (r^.z^p^a) + R\7^;z,(3,a), (4.2) 
^a[z, p) 

where 

R\v;z,P,a) = I e-^^('^^^)x?(r]U7)x^'^''(^U7)A,.(rf7). (4.3) 

The proof of the Theorem 2.2 is based on two technical lemmas. 

Lemma 4.1. Let the interaction potential (t>{\x\) satisfy the assumptions (A). Then for 
any fixed volume A G Q3c(IR'^) and any configuration r/ G Fq the following holds: 

limi?^(r/;^,/5,a) = 0. (4.4) 

Proof. See Appendix. ■ 

Lemma 4.2. Let the interaction potential 0(|x|) satisfy the assumptions (A). Then for 
any fixed volume A e Q3c(M'^) ^/je following holds: 

Proof. It follows from the estimates (13. lip , that 

,ta > 1. 

a^O Za(2;,/3) 

From the other hand in accordance with the definitions (12.221) . (I2.25P it is clear that 
As a result we have 

y 4"H^,A«) . 

hm — — — -— = 1. 
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5 Proof of Theorem 2.3 



Using definitions ( 12.ip . (12.26^ we can rewrite the definition f l2.24p for the family of corre- 
lation functions ■*(■; /?, a) in the following form: 



Pa \'n\z,l3,a) 



-(3U{r,) 



n xHvi 



AeA„ 



1 + 



fc=l {Ai,...,Afc}c(A\A^)nAa Ai 



-m(v;{yi,-,yk})^-PU({yi,-yk}) 



dyi... dyk 



(5.1) 



where is a union of cubes of which contain points from the configuration rj (and in 
the sequel we will use such a notation) and summation is taken over all possible sets of 
cubes from that belong to the area A \ A,,. We prove the theorem using KS equations 
for the functions p{r]; z, (3) and p^~\ri] /5, a). Remind that KS equations for the functions 
p{rj] z,P) can be written in the form of one operator equation(see [20] ) 



p = zKp + z5, 

where operator K acts on an arbitrary function ip according with the rule 

-P<t>{\yi-xi\) 



(A»({..})=i:«i, 



i=l 



1) 



X 



yk])dyi ■ ■ ■ dyk, if |?7| = l{r] = {xi})] 



(5.2) 



(5.3) 



~ 1 /■ 

{K^M = V \ {x})e-^^(^^''\W) [^{v \ {x}) + J2vJ 

xen k=i 

k 

n (e-^'^d^'-"'!) - 1) ^{v \ {x} U {yi, . . . , yk})dy, ■ ■ ■ dyk] , if \v\ > 2, (5.4) 
1=1 

where 

^{x;ri\{x}) = ^^'^^'^\'^'^^^ 7Tw{x;r]\{x}) = I ^i^^vM^}) - , ^^^^^ 

l^TTw{y;v\{y}) O otherwise, 

P ■= {p{v;z,f3)}^n&o, (5.6) 
S{ri) = lif \ri\ = land5(?7) = otherwise. 
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Remark 5.1. Operator K = UK in the Ruelle's notation [2Uj and (15.4p . (I5.5P are exact 
realization of the operator U 

Operator K is bounded operator in Banach space of measurable bounded functions 
> 0) with the norm 

||¥.||^= sup|¥.(r^)|r'^''' (5.7) 

The solution of the equation (15 .2^ can be represented in the form of convergent in (and 
point convergent for any fixed rj eTq ) series 

oo 

p{v;z,P) = Y,z''+\K-6){r];z,P), (5.8) 

n=0 

if 

\z\ < e-2^^-^C(/?)-\ C{(3) = [ |e-^<^('"') - l| dx (5.9) 
and interaction satisfies the conditions (12. 7p . (I2.10p . (12.111) . 

One can write similar equations for the functions p^j^\ri; z, (3,a). It can be easily done 
in the way like it was shown in [13] for the case of lattice gas. Let us proceed with several 
new notations that correspond the notations in the space of configurations in the lattice 
gas system (see [T3j). Define the space C = of configurations of cubes from Ac,. Let 
s = {Al^, . . . , aI,'''} be the finite configuration of |?7| cubes from A^ with all points from 
the configuration r/ G Fq and s' = s \ {A^}. Let us denote by a space of all finite 
configurations of cubes from C(see also [13]) and c = {Ai, . . . , Afcj G be any finite 
configuration of k cubes from Aq, k = 0, . . . , \'y\; (if k = c = 0). 

For technical reason we also introduce new potential 

0(x, y) = (f){\x - y\) + (l)^l{x, y), 

where 

{+00 if X, -u G A G Aa, 
(5.10) 
ifxGA,|/GAand A^A. 

As in the definition (15.10 all points of the configurations rj, 7 are situated in different cubes 
we can put the potential 4> instead of the potential (p in the definitions ( I2.24p . (12.25^ . Let 
us define also a potential 0(A, A ) as the family of potentials (f){x,y): 

0(A, A') = [^{x,y)\x G A,y G A'} , (5.11) 
0(A, A) = +00 for any A G A^. 
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Remark 5.2. For c = {Ai, Afc}, s = {A^, A™}, m = \ri\ the functions U (c) , W{s;c), 
p^j^\s; z, f3,a), p^~\s] z^ (3,a) are the families (see (IS.lOp i of the corresponding U {"y) , W{ri;'y), 
p'k\v;z,f3,a), p^-^{r]]z,(3,a) with 'j = {7A1, 7a J, V = {'7ai, ??a™} and at a 
every cube shrinks in the corresponding point so that c ^ 'y , s ^ t]. 

Configuration rj G Tq in definition of the function p{ri; z,(3) is fixed and coordinates of 
cubes A^, . . . , A|J^' in M.'^ change, but Lebesgue measure of Aj^ tends to zero (messA^(a) — > 
0). 

The energy ?7(7) of the configuration 7 G Fx, X C A in these notations is 

U{c)= Yl ^(^^^^^)- (5-12) 

l<j<jf<|c| 

The energy of interaction between configurations of cubes s, c G is 

Wis;c)= Yl k^^^')- (5-13) 

AGs, A'gc 

Then the definition (15. ip for the functions p\^ \r];z,f3,a) takes the form; 

p[-\s;z,(3,a) = ^ ^ i] z\^^'^\ e'^^^^^^ (5.14) 



where we introduce new notation 



cCA\s 



X^(^) = 5Z ■■■ f{xi,...,Xk)dxi---dxk (5.15) 

cCX k=0 {Ai,...,Ak}cAanX Ai A^ 

Following standard procedure (see one can rewrite f l5.14p in the form of Kirkwood- 
Salzburg equation for the family of correlation functions Pa~^(s; z, (3, a): 

p^^\s; z, /3, a) = ze'^^^^^-^') |pi-)(.'; z, /5, a) + 

^ n (e-^^^^-^')-l)pi-^(3'ug;z,/5,a)}. (5.16) 

QcAa,Q^0 
Qns=0 

Like in the case of functions pa and p the equation (15.161) can be modified and rewritten 
in the form of one operator equation 

pi-) = ^i^i-Vi"^+^'5A, (5.17) 
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and for the limit correlation functions -* we obtain 

p{-) = zK^-)pi-) + zS. (5.18) 
Operator K^^^ acts on an arbitrary function ip G according with the rule 

(ir(^V)({A;};^,/?,a)= ^ n (e-^^^^-^'^-l)¥'(Q;^,/5,a) (5-19) 
for |s| = 1, and 

z, P, a) = J2^iA; s')e-^'^^^-'^'^ Lis')+ (5.20) 

AGs 

^ n (e-^"^^^'^'^ - U g)| for \s\ > 2. 

Qns=0 

Proof of existence of the solutions of the equations (I5.17p , (15.181) in the form of conver- 
gent series 

oo 

n=0 

oo 

n=0 

and the equality 

Urn p')[\s-z,f3,a)=p^-\s;z,(3,a), s e C^^ (5.23) 

A /R'* ° 

for z,P that yield the conditions (15.91) can be done in a similar way as in work [T3] . 

So, we have to show that the solution f l5.22p of the equation (15.181) converges to the 
solution of Kirkwood-Salzburg equation (15. 2p if a — > 0. 

In the sequel in the expressions for the operators K, K^~^ we will consider only the case 
|s| > 2, as the case |s| = 1 is rather similar. 

Due to the convergence of the series (l5.2ip .( l5T22il uniformly in a it is sufficient to 
prove the point convergence (K^^^S)" — » (KS)^ for any n > 1. It implies obviously 
p^~\-; z, P, a) p(-; z, P,a) if a — for sufficiently small values of a chemical activity z. 
To prove this statement let us use method of mathematical induction. Let us put n = 1 
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(base of induction). We have from O, dElI), (l5lB . flOnH : 

J (e-/30(ls/-^'i|) _ i)^;^ if |s| = 1^ 

Md\Ai 

\AeA„ / 

if|s|>2; 

' J(e-^0(ls/-^i|) _ if|r?| = l, 

{K6){ri) = < g-/3^(|x2-xi|) -f ^ 2, 

,0 if|r/|>2. 

It is clear that K5 if a ^ in the sense of point convergence. It is useful to 

notice that [{K^~^Y5^ (s) = [{KY5^ ('?) = if |s| > n + 1 ( |?7| > n + 1). Let us make 

the step of induction. Let — > {K^S in the sense of point convergence. Using this 
assumption we have to prove that {KY^^5 in the same sense. It follows 

from dEl, flOnl) that {\r]\ = \s\ > 2) 



E X n (^"''^^^'^ - mK'-'rSKs' U g) , (5.24) 



Qns=0,|g|=fc 



(i^"+^5)(77) = ^?F(x;r7\{a;})e-^^«"^>'''\^"i^i (ir"5)(r7 \ {a;i}) + 



n-|r?|+2 



5: H / n ( 



fc=i 



.i<j<fc 



- 1) {K''6) \ {xi} U {yi, . . . , 1/4)^1/1 ■ ■ • dy^y (5.25) 



Note that {K^6){r] \ {xj U {yi, yk}) and ((ir(-))"5)(s' U Q) are measurable bounded 
functions as operators K,K^~^ are bounded in the spaces with some ^ > 0. Besides 
because of stability condition ((221): U (e-^^^ds'^-^il) - l) < \e^(^^ - < +oo. Then 



l<j<A; 



the proof of the theorem is based on one technical lemma. 
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Lemma 5.1. Let F-{-; a), F{-) G L-^(R ) be symmetric bounded functions of its variables, 



and lim . . . , Xk] a) = F{xi, . . . , Xk) for any (xi, . . . , Xk) G (M'^)*^. Then the following 

equality is true: 



lim J dxi ■ ■ ■ J dxkF_(xi, . . . , Xk] a) = — J F{xi, . . . , Xk)dxi ■ ■ ■ dxk- 

Afc {Rd)k 

(5.26) 



a 

{Ai,...,Afe}cA„\A^ Ai 



Proof 

See Appendix. 

The step of induction follows directly from (15.151) (I5.24p . f l5.25p and the statement of 
the lemma. Theorem is proven. 



6 Appendix 



Proof of the lemma 4^1 



One can rewrite 04. 31) in such a way: 

R\v;z,/3,a)= E / e-^^^''-^-)^^ (r/ U 7)e-^^(''^^-^Mx) x 

Using infinite divisibility property of Lebesgue-Poisson measure, an obvious estimate: 

g-/3M/(,?U7x;7A\x) < e/3^o(|»)|+|7xl) ^nd the fact that x^""^ iv U 7) < 1, we obtain from ( lOl : 



/ e-^^(^Mx)A,„(rf7^\^). (6.2) 



Let us take into account that Za\x(-2,/3) = /r^^^^ ^ ^^^^'^''^'^^za{d'^f^\x) and 
^A\x(-2, /3) < ^a(-2,/5). Then we have from (16. 2^ : 

i?^(r/;z,Aa) < (^e^"")!''' V /" e-^(^(^^^^)+"°'^^l)xf (^ U 7)A,,(rf7x). (6.3) 



19 



Using Proposition 2.1 we deduce that the interaction is superstable with the constants 
A, _B, that are taken from (12.151) and 

r T, /3(-A(|»?aI+|7aI)''+(B+^'o)|7a|) 



(6.4) 



(r^ U 7)A..(rf7x) = (^e^('^°+^))l''l(i?f + R^), 
where 

/• j: /3(-Al7Ap+{i?+i>o)l7Al) 

i?f= ^ / e^^^^^''^i^Ai>2 X (6.5) 

X^(r7U7)A,,(rf7x), 

r T, l3{-A{hA\ + \VA\?+{B+vo)hA\) 

Jl^ = / gA6(XUA^)nAa:|7Al + l'!Al>2 X (6 6) 

Note, that if A C then = 0. Using the same technique as in (13.91) - (I3.12P and 
putting in (16. 5^ A \ A^ 7^ we obtain: 

|A\A„| I A \ A I |A\A,,| 

i?f < (1 + ei(a))^ - 1 < ei(a)^^(l + ei(a))^-\ (6.7) 

Using once again infinite divisibility property of Lebesgue-Poisson measure we have 
from (16. 6p : 



^2= Ro{VxnA^;z,(3,a)x 

A, 

E /3(-A|7aP + (B+"o)|7a|) 



XnAn^lS 



e 



ASAan(X\Ar,):\-,^\>2 



X+ "(7x\AjA^^(d7x\A„), (6.8) 



where 

r _ E /3(-^(l'?Al + l7Al)2+(B+t>o)l7Al) 

R^{ri;Z,P,a) = / gAGAanXnA^:b^l + |,^|>2 ^ 

"^TjcnA^ 

I I . u r^o,,,..^- TT / ^/3(-^(I'7a|+|7a|)^+(b+«o)17a|;x 



xJ"^''(r?U7xnAjA^^(rf7xnAj = JJ / 

AeAafixnA^ 

xt(r?AU7A)A..(rf7A)< n / e^(-^l^"l'+(^+"")l^"l)A,.(rf7A) (6.9) 



AGAaflXnA,, 



20 



Substituting values of the constants A, B into (16.9P one can obtain such an estimate: 

i?^(r/;z,/?,a)<e-^(^2"«) J] / A,.(rf7A) < e-^(t-2^«)e^'^'l^l (6.10) 

Using ( 16.81) . ( 16.10p we can estimate R2 from above in the form: 

,u . , r _ E /3(-A|7Ap+(B+t'o)l7Al) 

xf^''(7x\AjA..(d7x\Aj. (6.11) 
Let us take into account that for any *B(rA)-measurable function -^(7) the following holds: 

E / ^(7x\AjA,.(rf7x\Aj < (21"' - 1) [ F{lx)XUdlx) 



0^XCAanA, XCAanA\A^ 
xnA^7^0 



Using this fact and infinite divisibility property of Lebesgue-Poisson measure we obtain 
from (EH]): 

XCA„nA\A^ agx "^^a 

X+(7A)A..(rf7A) < e-^(t-2"°)e^'^'l''l(2l''l - 1) (1 + ei(a))^ . (6.12) 
It follows from (El), (Ell), (EE]) that: 

R''{r];z,P,a) < (^e'^^")!"' (1 + ei(a))^-' (ei(a)^^^ + (21"! - 1) x 

(1 + ei(a))e-''(^-'"»)e"'''l''l^ ^ 0, if a ^ 0. (6.13) 
The lemma is proven. 



Proof of the lemma (15.11) 

We have to prove that for any e > there exists that for any a < the following 
estimate holds: 



J dxi ■ ■ ■ J dxkF_{xi, . . . , Xk, a) — — J F{xi, . . . , Xk)dxi ■ ■ ■ dxf, 



{Ai,...,Afc}cAa\A^ Ai 



< e. 



(6.14) 
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From the integrability conditions of the functions F_, F one can obtain that for any 
e > there exists bounded C M*^, such that 



J dxi- ■ ■ j dxkF_{xi, . . . ,Xk;a) 



{Ai,...,Afc}cAa\A„ Ai Afc 



J dxi--- J dxkF_{xi,...,Xk;a] 

{Ai,...,Afc}c(Aa\A^)nA, Ai Afe 



e 



and 



^ j F{xi,...,Xk)dxi---dxk--^jF{xi,...,Xk)dxi---dxk 

,fe 



< 



(6.15) 



(6.16) 



Using (16.14p - ( 16.16P it is easy to notice that the proof of the lemma can be reduced to 
verification the fact that for any e > there exists = f{e) > that for any a < the 
following estimate is true: 



R 



< 



jdxi--- j dxkF_{xi, ...,Xk; «)-^ j -^(^i' • • ■,Xk)dxi ■■■dx, 

{Ai,..,Afe}c(Aa\A^)nAe Ai Afc ' AJ 

(6.17) 

Dividing each integral over into the sum of integrals over A G fl A^ one can arrange 
two terms in ()6.17p into three ones to get estimate 



R < Ri + R2 + 



3=1 {A:i,...,fej}, ^ TT^Pj {Ai,...,A,}cA„nA, 

fciH \-kj=k 



j dxi ■ ■ 

Ai A 



dXk I, 



(1) 



dxk-k^f^-^+i 



F{xi, . . .,Xk)\dxk, 



(6.18) 



i?2 = ^ J dxi- ■ ■ j dxk\F^{xi, . . . ,Xk;a) - F{xi, . . . ,Xk)\, (6.19) 

{Ai,...,Afe}c(Aa\A^)nAs Ai Afc 



j dxi- ■ ■ j dxk\F{xi, . . . ,Xk) 



{Ai,...,AJcA„nAE, Ai 
{Ai,...,Afc}nA^7^0 



(6.20) 
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where Pj is a set of all permutations of numbers {1, . . . , j}, but the sum J2 means 

that we consider only different permutations of numbers {/ci, . . . , kj} {for example if ki = kj 
the permutation of numbers ki, kj is considered only once). Then for Ri we have: 

fc-i ^ 1 ' 

^1 < 5Z -y Yl ki^---k-\ 5Z _ H _ 

3 = 1 {kl,...,kj}, ^ ttgPj AicAanAe,...,A,cAanA, 

fciH \-kj=k 

jdxi--- j dxk^^^^ ■■■ j dxk-k^^^^+i ■■■ j \F{xi, ...,Xk)\dxk< 

Ai Ai Aj Aj 

^dk 2 ' 

5] ~r T~\ — rr \F{xi,...,Xk)\< 

j-1 {fci,...,fcj}, TT&Pj AicA„nAj,...,AjCA„nA£ \ 1, . fc/ ^ ; 

fciH \-kj=k 



5^^— |A,p- — — ^ sup |F(a:i,...,a:fc)|^Oifa^O. 



(6.21) 

For R2: 



i?2 < ^ ^ j dxi- ■ ■ j dxk \F^{xi, . . . ,Xk;a) - F{xi, . . . ,Xk)\ < 

AiCAanAE,...,AfcCAanAe 



^' {xi,...,Xk 



and for i?3: 

min(|r)|;A;) 



sup . . . ,Xfc; a) - . . . ,Xfc)| ^ Oifa ^ 0, (6.22) 



-R3 = ^ ^ ^ dxi--- dxk\F{xi,...,Xk)\< 

i=l {Ai,...,AJcA^ {A,+ i,...,Afe}cA;:nA,\A^ Ai A^ 
mm(|r,|;A:) • 

E H^Ti:^ |i^(xi,...,Xfc)| -^0 (6.23) 

if a as (messA^(a) 0) (see remark 5.2). Estimate (16.141) is a consequence of (I6.2ip 
- (|6.23l) . The lemma is proven. 
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